A new size consistent extension to the multi reference configuration interaction method is described. The method termed multireference coupled electron pair approximation (MRCEPA) is akin to a multireference CEPA( 0) approach, though nonlinear terms do receive separate attention. We show the performance of the approach in some model systems as well as in an application to calculation of ground and excited TV* states of ethylene.
I. INTRODUCTION
The coupled electron pair approximation (CEPA) method has the advantage over the method for configuration interaction with all single and double replacements (SDCI) that it yields size consistent results with only a slight increase in computational effort. Here, size consistency means that the energy of two subsystems is additive if the subsystems do not interact. It may be successfully applied to both closed' and open* shell systems, provided that a single configuration state function (CSF), e.g., the restricted Hartree-Fock determinant, is dominant in the correlated wave function. However, if there are low lying excitations (in case of multibond dissociation, open shell systems with high symmetry), more than one CSF is needed for a proper zeroth order description of the wave function.3*4
Fairly accurate results may be obtained using the multireference single double configuration interaction (MRSDCI) method. However, since any restricted CI calculation suffers from size consistency defects, an extension of the CEPA method to multiconfiguration (MC) reference sets is called for. In the following, a method is proposed, which includes size consistency corrections in MRSDCI calculations in a manner analogous to the CEPA(0) method, provided that the reference configuration set is complete in the active orbital space. Thus, our starting wave function is a second order CI function and the resulting function will accordingly be called the second order CEPA function.
In practice, our method amounts to shifting the diagonal H-matrix elements of the single and double excitations, as in the CI-type implementation of the CEPA method.' However, our method dithers from the straightforward generalization of the CEPA(0) method to MC reference sets, which should be identical to the linearized version of the MC reference coupled cluster (CC) development." '2 Since the nonlinear terms in our modified MRSDCI equations are potentially important, they should receive proper attention when formulating size consistency corrections for wave functions based on a MC reference configuration set.
The results obtained by this method will be compared to results of the averaged coupled pair functional ( ACPF) theory, as introduced recently by Gdanitz and Ahlrichs '3 and which may also be considered as a generalization of the CEPA (or CPF) philosophy to MC reference configuration sets.
In Sec. II, the method used for modifying the MRSDCI equations will be discussed. Applications to some model systems, including comparison with full CI and MRACPFi3 results, are reported in Sec. III and the method is applied to the calculation of ground and excited states of ethylene in Sec. IV. Finally, conclusions are drawn in Sec. V.
II. THEORY
In this section the size consistency corrections for second order wave functions will be discussed in terms of the spin orbital formalism. Our reasoning is analogous to the derivation of the coupled pair approximation (CPA) equations by Hurley. l4 A. Wave functions
The second order wave function to be used is designated by IyC)=~cRIR)+~ciIAi)9
(1)
where the refetence conhgiration set { IR )} is assumed to be complete within some (small) orbital subset (the active spin orbitals) and the set {[Ai)} contains all single and double excitations with respect to any (R ). The size consistency corrections to be applied to the CI secular equations for this function will be calculated in the form of diagonal H-matrix element shifts. These shifts are calculated by assuming that the second order CEPA function may be approximated by the corresponding MC reference coupled cluster function "' with internal contraction:i5 where the reference function 10) is given by IO> =pI$w Al--c '"7 (3) R with the same coefficients c, as in Eq. ( 1). T generates all single and double excitations with respect to any ]R ), T= c 2 t,lPrPP + c c c c L,P~~~v-Po~ (4) P P P v P 0 where r is an excitation operator, t is the corresponding connected cluster amplitude, p and Y are inactive or active spin orbital indices, andp and u are active or external spin orbital indices. According to Eq. (3)) the reference function IO) is normalized. The excitation operators are defined such that they yield normalized excited functions r]O), i.e., we assume (olr+rlo) = 1.
(5) We do not need the explicit form of T, as given by Eq. (4). Instead, we define excitation classes as follows; The excitation class (k,(3 contains all excitations with k holes in the inactive orbitals and /particles in the external orbitals. Since the number of electrons in the active orbitals is not fixed, k and kmay differ from each other. Eq. (4) is thus equivalent to
O<k,&Z, except k= F=O.
k /
We also use the corresponding projection operators P( k,f'J and the projection operators P,, Pa, and Pb defined by:
Thus, P,, projects to the reference configuration space, P, projects to the interacting space of the reference configurations spanned by the set {]Ai)] and Pb projects to the space spanned by all higher excitations. In practice, Pb may be considered to project to the interacting space of the set CIAi)I* In the following, we assume that the second order CEPA function may be written as
This function will be used for calculating the size consistency corrections to be applied to the second order SDCI function in order to obtain the second order CEPA function.
B. The diagonal H-matrix element shift
The coupled cluster function is assumed to satisfy the following equations
(Olrt(H -E) exp( 2') 10) = 0 for each r.
Since the higher excitations in YCC (viz. that part of YcC which is given by Pb Y,, ) do not interact with any reference configuration ]R ), Eq. (9) is identical to the first secular equation for the corresponding CI problem: The second term in Eq. ( 12)) which is missing in the secular equations for the SDCI function, will be used to obtain the size-consistency corrections wanted. To this end we note that Eq. (12) may be rewritten as:
(OJr+(H+ AH, -E)IY,) = 0, (13) provided that the diagonal shift AH, is given by
(14) In the following, Eqs. ( 13) and ( 14) will be taken as the set of equations to be satisfied by the second order CEPA function Yc. These equations lead to a pseudo eigenvalue problem since the shifts AH, depend on the connected cluster amplitudes in T, or, equivalently, on the configuration coefficients ci in Y c.
Note that the coefficients ci in Eq. ( 1) are not identical to the connected cluster amplitudes t in Eq. (4) since the ci will contain contributions from disconnected clusters. '6"7 In the following, Eq. (14) is simplified using two approximations which are analogous to the approximations used in the CEPA(0) method.
C. The direct term approximation
This approximation was introduced by Kelly and Sessler18 and Kelly. l9 In our formalism it takes the following form. In the expansion of exp( ZJ IO) in Eq. ( 14), only those terms are retained which contain 7. The selection of terms thus depends on the excitation r for which the shift is being calculated. In order to determine which terms in exp( 2') IO) contain the excitation 710) and also which terms belong to the interacting space of T]O), we divide the excitation operators in Tin two groups. The first group T, contains r and all excitation operators r' which only contain spin orbital indices which are also present in 7. The complement of T, is denoted by T,". It contains all other excitation operators. Assuming that all excitation operators mutually commute, we then have 
By substituting Eqs. (17) and (18) 
D. H-matrix element equivalence
In the spin orbital formalism, the matrix element between a double and a quadruple excitation is either zero or it is equal to the matrix element between the reference determinant and (another) double excitation. (24) For a MC reference set, we now consider the analogous relation
(25) Using Eq. (25) directly leads again to Eq. (24) for the diagonal shift, i.e., we then use Eq. (24) with Eq. (3). This would be the linearized version of the multi reference coupled cluster method in its simplest form.
Equation (25) only holds for those terms 7' in T which satisfy the following three conditions: ( i ) The corresponding H-matrix element contains only 2-electron contributions, since in this case the matrix element only depends on the orbital replacements relating the two configurations. self-consistent-field (MCSCF) values for the reference coefficients cR are used. These shift contributions may thus be expected to be small. Moreover, the invariance with respect to transformations among the active orbitals can only be preserved by not distinguishing between the single and double excitations. Therefore, no attempts will be made to include corrections to Eq. (25) for the single excitation terms.
In analogy to the CEPA(0) method, the second condition will also be ignored in the present formalism.
Because of these approximations the shifts will only depend on the excitation class of 7. Using condition (iii) and Eqs. (7) and (25), we then have for any excitation operator r( k,fi belonging to the excitation class (k,&) the following shift:
The restrictions on k and /follow from the second line of Eq. (26) [k + k ' > 2 or 4+ /' > 2, because of the projection with Pb, cf. Eq. (7) 1. The result is, that only those excitation classes (k ',r') contribute to the shift, that are complementary to (k,/) in the sense that the excitations T(k + k ',/+ /') do not belong to the interacting space of the reference set. This is the essential difference with the single reference determinant result of Eq. (24). The reason for excluding the excitations with k + k '(2 or e+ /I(;2 is that they are already included in the MRSDCI configuration set, so their interaction matrix element already appears in the CI matrix. This argument only holds exactly if the reference set is complete with respect to the active orbital occupations.
Ignoring condition (ii) implies the introduction of the so-called exclusion principle violating ( EPV ) terms. l4 Further refinements are possible if the EPV terms are considered in more detail. This, however, spoils for example, the invariance under transformations within the various orbital subsets. Note that the unsatisfactory behavior of the CEPA( 0) method in cases of near degeneracy will not carry over to the multi configuration reference case, provided all configurations which are dominant in the wave function are included in the reference set.
E. The relation between dH(k,kj and the correlation energy Equation (9) may be used to calculate the energy of Y,. The reference energy is given by E. = (OIHIO).
(27) Using the projection operators of Eq. (7)) we have
where ( 12) we see that the only difference with the CEPA(0) method is that the shifts depend on the excitation class of the configuration at hand. If our method is applied in the case of a single determinant closed shell reference function with only the double excitations, it is identical to the CEPA( 0) method, since then we have only one excitation class,i.e., k == e= 2 and thus AH(2,2) = E(2,2) = E -E,.
Equation ( 11) then, reduces to (31) (o~~+WW--o) ('&) =O (32) and this equation is linear in the coefficients of the double excitations in Yc as in the CEPA(0) method."7'2 However, if we use Eq. (26)) we have to deal with a nonlinear problem, resulting in a pseudo-eigenvalue problem which has to be solved iteratively. This may be done efficiently by using the Davidson diagonalization method (cf. Ref. 21) . The diagonal element shifts then only have the effect of slightly slowing down convergence compared to a normal MRSDCI calculation.
F. The spin-adapted formalism
The approximations made in the previous section for a wave function based on spin orbitals may equally well be used in a spin adapted formalism, although it is not quite clear whether they will have the same effect. This is particularly true for the shift contributions of the single excitations if the reference set contains open shell configurations.
The H-matrix element equivalence relation Eq. (25) is based on the assumption that the matrix elements do not contain contributions from the l-electron part of H. However, if 1s ) is singly excited with respect to IR ), the Coulomb integral contributions (,u~/pp) to the left hand side of Eq. (25) depend on the orbital indices in r and therefore Eq. (25) does not hold for these terms.
In the spin orbital formalism, these terms may be avoided by discarding all single excitation contributions to E( k,LJ in Eq. (24). For a single configuration reference function this problem is also avoided if SCF orbitals are used, because these orbitals satisfy the Brillouin theorem. In the MC reference case, however, the single excitation contributions may be numerically important because of the relaxation of the reference configuration coefficients in the second order CEPA function with respect to their complete active space self-consistent-field (CASSCF) coefficients.
Therefore, treating the single excitations [ (k,L) with k = 1 or (= 11 in the same way as the other classes introduces an error in the shift, which may be expected to increase with the relaxation of the reference configurations in the MRCEPA calculation. The MRCEPA, as derived above, assumes that a complete active space, even without space or spin symmetry restrictions, is used as a reference configuration set. This requirement does not have to be strictly met. The absence of symmetry restrictions though, is imperative to obtain size consistency regardless of spin-coupling, e.g., in 0,. In the test calculations on He,, 0, , H, 0, and BeH, consequently, no such restrictions were employed. For the HZ0 calculations results for a C,, restricted CAS reference set are shown to illustrate the rather insensitiveness of MRCEPA to the actual reference configuration set used. In the calculations on ethylene the reference configurations were all screened on symmetry.
A. Size consistency of He, and 0, The size consistency of the MRCEPA results is illustrated by calculations on the He dimer using a ( 14s,2p) = ) [ 6s,2p] basis35 and on two oxygen atoms using a (9s,5p) = ) [4s,2p] double zeta basis.36 For He, the reference wave function was CAS in the Hartree-Fock 1s and 2s orbitals of each atom. The oxygen atoms were described by single-configuration Hartree-Fock wave functions and the dimers employ the corresponding proper dissociation function. Table I shows the energies of the monomers and of the dimers at large distance and the size-consistency errors calculated from these numbers. The singlet and quintet couplings for the oxygen atoms yield identical results.
The results in Table I nicely illustrate that the MRCEPA method yields size-consistent results to within the convergence criterion (3 x 10 -5 ) used. Note that, unlike in CI, the accuracy of the MRCEPA energy is only linear in the accuracy of the CI coefficients.
B. H,O
The test calculations involve the cleavage of both OH bonds at a constant angle in the water molecule. Geometry Table II , the CAS space consists of the 3a, ,4a,, lb,, and 26, orbitals. This active space, which is the minimal space required for proper dissociation, yields 12 symmetry allowed CSF's. For the calculations reported in Table III , the active space is extended to the 3a, ,4a,, lb,, lb,, 2b, and 2b, orbitals, yielding a total of 55 symmetry allowed CSF's in the reference space. The equilibrium OH bond length R,, is 1.889 726 bohr, the HOH angle is fixed at 104.5". The calculations are performed for the three internuclear distances used previously." The calculations employing only the symmetry allowed reference configurations are denoted by a suffix "sym". The energy difference with full CI is small for all calculations beyond the MCSCF level, though both MRCEPA and MRACPF are an order of magnitude better than straight MRSDCI. The quality of the MRCEPA method seems to follow the quality of the reference wave function, getting better for larger distances and larger reference wave functions. The MRACPF method does not show such regular behavior. The symmetry restricted and complete reference functions yield quite comparable results.
C. BeH,
The last comparison with Full CI and MRACPF concerns the C,, insertion reaction of H, with Be. Geometry and basis set are taken from Laidig and Bartlett.37 The CAS space in the first set of calculations (1) consists of the lb, and the 3a, orbitals (cf. Ref. 13), which provides proper dissociation to Be and HZ. Since no allowance is made for the near degeneracy in Be itself, the MRCEPA wave function may be expected to be of rather meager quality. Therefore, we also performed a calculation correlating the Be atom better, extending the active space to {2a, ,3a, , 1 b, ,2b, } yielding a CAS space of 12 symmetry adapted CSF's. The results for this CAS space are labeled large. The results are given in Table IV .
The comparison shows that in this case, the MRCEPA and the normal and the corrected MRSDCI values are less good than the ones of MRACPF.13 For the large CAS space, the MRCEPA is better, but the MRSDCI itself is even closer to the full CI. This suggests an overcorrection of the unlinked cluster contributions in this case. 
IV. APPLICATION TO ETHYLENE A. Introduction
To investigate the behavior of the MRCEPA in a practical application, we applied the method to the ground state (N) and the V' (n-,n-* ) state of ethylene in its planar and twisted conformation. The resulting potential energy surfaces will be used in a calculation of the UV absorption spectrum of the system. 38 We performed calculations with different numbers of reference configurations and compared the result with those of the MCSCF and MRSDCI approaches. Ethylene provides an interesting test problem because obtaining a proper description of its V+-N transition has been a major challenge for many years of theoretical studies.
The first problem encountered is the calculation of the vertical transition energy. Diffuse functions must be included in the basis set to account for the diffuse character of the V state, but at the SCF level this results in a vertical transition energy which is too low, while the state becomes very diffuse and so the oscillator strength becomes too sma11.39v40 These results can be improved by a SDCI calculation, but several studies have shown that for a good description of the Estate, a MRSDCI calculation is needed414' and that the inclusion of higher order excitations, e.g., by using the Davidson size consistency correction, does have a significant effect on the calculated vertical transition energy. Recently, it was shown by R. J. Cave" that size inconsistency of CI calculations can also have a significant effect on the calculated molecular properties of the Estate of ethylene.
The most important geometry change in ethylene upon excitation to the V state is the relaxation to a 90" twisted conformation, so we included this geometry in our test calculations.
B. Method
For the calculations on the planar conformation (symmetry D,, ) we used the experimental ground sttte geometry reported by Kuchitsu:45 R (C-C) = 1.330 A, R(C-H) = 1.076 A, a( C-C-H) = 12 1.7". This geometry is also used in other theoretical studies, but it is slightly different from the "standard" geometry of Herzberg46 : R (C-C) = 1.339 &R(C-H) = l.O86Aanda(C-C-H) = 121.2".Thesedifferences are not relevant in this study, since we will not compare with experimental data. For the twisted conformation, these parameters are left unchanged, except for the C-C torsion angle which is put to 89.9", forcing the symmetry point group to D, (a torsion angle of 90" would give a D,, symmetry which is reduced to C,, by our CI program, causing the V state to be of A, symmetry).
To define the symmetry labels for the planar conformation, we use the following axis assignments: The z axis is taken to be along the C-C bond and the x axis is perpendicular to the plane of the molecule. For the twisted conformation we use the same choice for the z axis. This causes the B, and B, representation in D, to correlate with the twofold degenerate E representation in Dzd.
The A0 basis set employed is the triple-zeta basis set due to Dunning47 with a (5s) = ) [ 3s] contraction for hydrogen and for the twisted geometry (D, ) 2-"21aflb~2a:2b:lb:lb:3af(2b: +2b:).
The active orbital spaces are summarized in Table V . The smallest set (A) consists of just the n-( 1b3,/2b3 ) and r* ( 1 b,,/2b, ) orbitals. (B) has an additional pair of orbitals of rr and rr* symmetry, while (C) has an additional a(3ag/3a, )/a '(36,,/36, ) pair. The largest set (D) has both the additional r/r* an a/a* orbitals. The number of electrons in the active space is two for (A ) and (B) and four for(C) and (D).
In the MRSDCI and MRCEPA calculations, all single and double excitations relative to the reference configurations are included, but the two lowest (T orbitals and their complements are kept doubly occupied and unoccupied, respectively. The resulting numbers of configurations are given in Table V .
C. Results and discussion
The results of all the calculations, for the planar and the twisted geometries on the N and the V states with the four different sets of reference configurations are given in Table  VI .
First, we will show how the results depend on the choice of the reference set. For this purpose, we plot in Fig. 1 energy of the CASSCF, MRSDCI, and MRCEPA calculations for method (A ), (B), and ( C) (see Table V ) relative to the energy of the corresponding calculation with the largest number of configurations (D). This is done for both states and both geometries. The Davidson corrected values are less dependent on First, we note that the CASSCF and the MRSDCI energies are decreasing as a function of the number of configurations, which is to be expected because of the variational character of these methods. Strictly speaking, this argument is not valid for comparing (B) and (C), because (C) does not include all configurations of (B), but it is correct for the series A-B-D and A-C-D.
In contrast, the MRCEPA results are almost independent of the number of configurations, except for the Estate of the planar geometry. In this case, the MRCEPA calculations based on a reference space which contains only one configuration of the G--T* type (A ' and C') gives energies which are far lower than any reasonable full CI estimate. These results suggest that increasing the reference space hardly affects the MRCEPA result as soon as the most important configurations are included in the reference space. So, for the description of the V '(r,a*) state at the planar geometry it is essential to include at least two orbitals of n* symmetry in the reference space. This observation is consistent with the conclusions of several other CI studies.4143 The omission of an important reference configuration in a MRCEPA calculation can be identified a posteriori by the inspection of the MRCEPA vector: One or more configurations not included in the reference space gain a large coefficient, while the sum of the squares of the coefficients of the reference configurations i$=-pf (34) ieref is much smaller than unity. This was also observed by Bauschlicher et ~1.~' in MRACPF calculations. It is, of course, not possible to give rock-solid criteria, but for the aforementioned calculations (A ') and ( C ') we find Zz = 0.38 and 0.50, respectively, while in all other MRCEPA calculations .?i varies between 0.83 and 0.90. the reference set than the MRSDCI results, if the calculations (A ' ) and ( C ') for the I/state at the planar geometry are discarded, but the results are not as constant as for the MRCEPA. Furthermore, it would have been difficult to discard the results (A ') and (C ') by inspection of the MRSDCI vector. Generally, one is interested in relative energies, rather than in absolute values, so we extracted from Table VI the vertical transition energies at both geometries (Table VII) and the difference between the energies of the twisted and the planar geometry, i.e., the torsion barrier in both states (Table VIII) .
Although we lack full CI data to compare with, we can draw some interesting conclusions from Tables VII and VIII. Considering the vertical transition energy of the planar geometry we first note that we should discard the MRCEPA results of methods (A ') and (C') because of reasons mentioned above. The remaining MRCEPA values (8.20 and 8.16 eV) are, respectively, 0.23 and 0.18 eV lower than the corresponding MRSDCI values. Comparable size-consistency effects on the vertical transition energy of ethylene have been found before. For example, Cavebl reports the values 8.35 and 8.17 eV, respectively, for a two reference CI and a quasidegenerate variational perturbation theory (QDVPT)50.51 calculation (they use the same geometry but a different basis set). The Davidson-corrected results show the same trend but have a larger spread.
For the vertical transition energy at the twisted geometry, the favorable behavior of the MRCEPA is evident; It gives almost constant values. For the larger reference spaces, From Table VIII it is clear that the size-consistency effects for the torsion barriers is rather small: Both the MRCEPA and the Davidson correction give a lowering of O-2 kcal/mol, except again for the calculations (A ') and (C') for the Estate.
V. CONCLUSION
We have given the theory for a multi reference CEPA approach. It shows in test calculations to compare well with full CI. The resulting potential curves are seen to converge to the full CI result as the reference configuration set is increased.
We have demonstrated by a series of calculations on the ground and V' (~,,a* ) state on the planar and twisted conformation of ethylene, that the MRCEPA energy depends on the set of reference configurations in a very favorable way: If the most important configurations are contained in the CAS space which constitutes the reference space, a result is obtained which hardly changes upon increasing the reference set. The omission of an important reference configuration can easily be identified by inspection of the CEPA vector: The contributions of the reference configurations to the CEPA vector (Z$ ) are then far from unity.
The calculation of the torsion barriers and the vertical transition energies in ethylene suggest that the MRCEPA is a promising tool for the calculation ofboth ground and excited state potential energy surfaces. 
